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Abstract: Multivariable analytical models provide a descriptive (albeit approximate) mathematical 
relationship between a set of independent variables and one or more dependent variables. The 
current work develops an analytical model that extends a design of experiments for the leaching of 
manganese from marine nodules, using sulfuric acid (H2SO4) in the presence of iron-containing 
tailings, which are both by-products of conventional copper extraction. The experiments are 
configured to address the effect of time, particle size, acid concentration, Fe2O3/MnO2 ratio, stirring 
speed and temperature, under typical industrial conditions. The recovery of manganese has been 
modeled using a first order differential equation that accurately fits experimental results, noting 
that Fe2O3/MnO2 and temperature are the most critical independent variables, while the particle size 
is the least influential (under typical conditions). This study obtains representative fitting 
parameters, that can be used to explore the incorporation of Mn recovery from marine nodules, as 
part of the extended value chain of copper sulfide processing. 
Keywords: Manganese extraction; marine nodules; acid leaching; design of experiments; ordinary 
differential equations; mathematical modelling 
 
1. Introduction 
Deposits of ferromanganese (Fe–Mn) are present in all of the world′s oceans, on marine ridges 
and plateaus, where currents have released sediments for ages [1]. They originate from the 
accumulation of iron and manganese oxides, deposited over volcanic and sedimentary rocks that act 
as substrates [2]. These deposits were discovered for the first time in the Arctic Ocean of Siberia in 
1968 [3]. They form concentric layers of oxide and intermetallic compounds scattered in the 
sedimentary zone of the seabed [4]. They are located in the Pacific, Atlantic and Indian Oceans, at 
depths of 4,500 m, reaching reserves that range between 1 and 3 billion tons [5]. 
There is generally a shortage of high-grade sources of manganese on the planet′s surface [4,6], 
which has driven the search for alternatives. The marine nodules represent an alternative that has 
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economic potential [7], having an average Mn grade of approximately 24% [8]. The nodules may be 
further processed so that the resulting manganese may to be incorporated into steel alloys [9].  
In addition, the nodules represent large reserves of other metals, such as Cu, Ni, Co and Fe, 
along with potentially high concentrations of Te, Ti, Pt and rare earth elements [10]. 
For the dissolution of MnO2 in acidic media, it is necessary to maintain the system in potential 
and pH ranges of -0.4 to 1.4 V and -2 to 0.1, respectively [9]. This indicates that the use of a reducing 
agent is necessary to extract Mn from marine nodules [11]. Due to its low cost, abundance and good 
results in previous studies [4,12–17], Fe is an attractive additive for the reductive leaching of 
manganese nodules. Toro et al. [4] performed leaching tests of marine nodules at the laboratory level 
by adding smelting slags with high Fe2O3 contents, where it was discovered that Fe2O3, when reacting 
with H2SO4, forms FeSO4, which is a good reducing agent of MnO2, achieving extractions of 68% of 
the manganese in 5 min. In addition, in the same study previously mentioned, it was concluded that 
an MnO2/Fe2O3 ratio of 1/2 is suitable for dissolving MnO2 in an acidic medium. Later, Toro et al. [16] 
conducted tests using the Fe2O3 present in tailings, obtaining even better results than with the slag, 
as the tailings were observed to be even more reactive. When exposed to H2SO4, Fe2O3 generates 
ferrous sulfate (FeSO4), that acts as a reducing agent for MnO2, as described by the following 
reactions: 
Fe2O3(s) + 3 H2SO4(aq) = Fe2(SO4)3(s) + 3 H2O(l) 
Fe3O4(s) + 4H2SO4(l) = FeSO4(aq) + Fe2(SO4)3(s) + 4 H2O(l) 
Fe2(SO4)3(s) + 6 H2O(l) = 2 Fe(OH)3(s) + 3 H2SO4(l) 
2 FeSO4(aq) + 2 H2O(l) = 2 Fe(s) + 2 H2SO4(l) + O2(g) 
2 FeSO4(aq) + 2 H2SO4(aq) + MnO2(s) = Fe2(SO4)3(s) + 2 H2O(l) + MnSO4(aq) 
The leaching process has been modeled by many authors. However, the validation, verification 
and implementation of these models are difficult, since there is uncertainty about the operating 
conditions and parameters of the leaching model [18]. Mellado et al. [19] developed analytical models 
that describe leaching, and are based upon the Bernoulli Equation, using constitutive equations for 
different levels, particles and heaps, over different scales of operation. Further work by Mellado et 
al. [20] extends beyond heap leaching. These more recent models are based on first-order ordinary 
differential equations in time, incorporating constitutive relationships derived from a combination of 
ordinary and partial differential equations and other relations, in combination with empirical 
observations. The resulting models are nonetheless simple (elegant), and are thus especially well-
suited for the analysis, design, control and optimization of leaching processes [21]. Another way to 
describe the mechanisms that govern the leaching process was developed by Yaghobi et al. [22] 
through non-linear differential equations. Alternatively, Hernández et al. used a non-linear mixed-
integer programming approach [23]. 
Other leaching studies have used the multilevel factorial design (MFD) of experiments, 
generating a predictive quadratic exponential regression model [24]. Liu et al. developed a leaching 
experiment in the laboratory, and presented an analytical model of the concentration of the leaching 
solution [25] using a neural network; they established a prediction model of the concentration of the 
leaching solution, whose maximum error was less than 2%. Other works studied the recovery of 
nickel and the dissolution of iron using the response surface methodology [26] to find the optimal 
leaching conditions for nickel laterite ores [27]. In similar work, Botane et al. [28] used linear 
regression to generate analytical models of continuous bioleaching in stirred tank reactors. 
Simulation experiments of the leaching process were carried out by Mellado et al. [29], based on 
analytical models and Monte Carlo simulation, concluding that there is a significant influence of the 
uncertainty in the input variables. 
The analytical models have the advantage of being tractable, featuring algebraic parameters that 
can be readily fit to operational data, and extrapolated to apply them to similar operational situations. 
These mathematical models can be applied with enough reliability in order to technically and 
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economically evaluate initial projects of small and medium-scale mining, where economic resources 
are scarce, and mineralogical knowledge is limited. 
Only a few studies have tested the reduction of manganese nodules within a sulfuric acid 
medium, in the presence of iron-containing tailings or slag [4,16,17]. Toro et al. [16] related Mn 
recovery to the MnO2/Fe2O3 ratio and the sulfuric acid concentration, but only under time-
independent (static) conditions. This approach involved a three-level factorial design, ignoring the 
potential impact of particle size distribution and agitation velocity, which are likely to have a 
dynamic effect upon Mn recovery. Interestingly, iron-containing tailings have been observed to be 
more reactive than smelter slags within the context of leaching [30]. Moreover, the previous work of 
Toro et al. [4,16,17] considered neither temperature, nor its interactions with other critical variables 
that control the effect of iron-containing reducing agents on the leaching of Mn from MnO2 [12–15]. 
Finally, the objective of this work is to demonstrate the development of an analytical model 
based on a first order differential equation, which represents the extraction of manganese from 
marine nodules, under the set of parameters sampled, together with a factorial design of experiments 
and a multiple regression model. This approach is indeed capable of representing complex systems 
through relatively simple analytical models. 
2. Materials and Methods 
2.1. Manganese Nodule Samples 
The marine nodules used in this work were the same as those previously used in Toro et al. [16]. 
The sample was analyzed by means of atomic emission spectrometry by induction-coupled plasma 
(ICP-AES), developed in the applied geochemistry laboratory of the Department of Geological 
Sciences of the Universidad Católica del Norte (Chile). They were composed of 15.96% Mn and 0.45% 
Fe, where the Mn presented in the nodules has been found to be 29.85% MnO2. 
2.2. Tailings Samples 
The tailings used for the present investigation were the same as those used in Toro et al. [16]. 
The methods used to determine its chemical and mineralogical composition are the same as those 
used with the manganese nodule. Table 1 shows the chemical species determined by QEMSCAN 
(Quantitative Evaluation of Minerals by SCANning). There were several phases that contained iron 
(mainly magnetite (58.52%) and hematite (4.47%)), while the content of Fe was estimated at 41.90%. 
Table 1. Mineralogical composition of tailings, as determined by QEMSCAN. 
Mineral Amount% (w/w) 
Chalcopyrite/Bornite CuFeS2/Cu5FeS4 0.47 
Tennantite/Tetrahedrite (Cu12As4S13/Cu12Sb4S13) 0.03 
Other Cu Minerals 0.63 
Cu–Fe Hydroxides 0.94 
Pyrite (FeS2)  0.12 
Magnetite (Fe3O4) 58.52 
Specular Hematite (Fe2O3) 0.89 
Hematite (Fe2O3) 4.47 
Ilmenite/Titanite/Rutile (FeTiO3/CaTiSiO3/TiO2) 0.04 
Siderite (FeCO3) 0.22 
Chlorite/Biotite (Mg3Si4O10(OH)2(Mg)3(OH)6/K(Mg)3AlSi3O10(OH)2) 3.13 
Other Phyllosilicates 11.61 
Fayalite (Fe2SiO4) 4.59 
Dicalcium Silicate (Ca2SiO4) 8.30 
Kirschsteinite (CaFeSiO4) 3.40 
Forsterita (Mg2SiO4) 2.30 
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Baritine (BaSO4) 0.08 
Zinc Oxide (ZnO) 0.02 
Lead Oxide (PbO) 0.01 
Sulfate (SO4) 0.20 
Others 0.03 
Total 100.00 
2.3. Reagents and Leaching Parameters 
The sulfuric acid used for the leaching tests was obtained from Sigma-Aldrich Chemie, GmbH 
(Germany), with 95–97% purity, and a density of 1.84 kg/L. The leaching tests were carried out in a 
50 mL glass reactor with a 0.01 solid/liquid ratio. A total of 200 mg of Mn nodules were maintained 
in suspension with the use of a 5-position magnetic stirrer (IKA ROS, CEP 13087-534, Campinas, 
Brazil). The parameters studied were time, particle size, acid concentration, F2O3/MnO2 ratio, stirring 
speed and temperature. 
2.4. Experimental Design 
Design of experiments (DOE) can be used to investigate the simultaneous effects of input 
variables (factors) on an output variable (response). 729 experimental tests were carried out, studying 
the effects of time, particle size, sulfuric acid (H2SO4) concentration, Fe2O3/MnO2 ratio, agitation 
speed, and temperature on Mn recovery. The operational parameters considered in the factorial 
design of six factors and three levels by factor are presented in the Table 2. 
Table 2. Experimental values for operational parameters. 
Parameter/Value Low Medium High 
Time (min) 5 10 20 
Particle Size (µm) −150 + 106 −75 + 53 −47 + 38 
Sulfuric Acid (H2SO4) 0.1 0.3 0.5 
Fe2O3/MnO2 ratio 1/2 1/1 2/1 
Stirring Speed (rpm) 600 700 800 
Temperature (°C) 25 35 50 
 
The general form of the experimental model is described by: 
𝑌 = 𝐹(𝑋)|𝑋: {𝑥ଵ, 𝑥ଶ, 𝑥ଷ, 𝑥ସ, 𝑥ହ, 𝑥଺} 
in which x1 corresponds to time, x2 to the size of the particle, x3 to the concentration of sulfuric acid, 
x4 to the ratio Fe2O3/MnO2, x5 to the speed of agitation and x6 to the temperature. 
2.5. Adjustment of an Analytical Model 
The following is the analytical model for leaching [30,31], where it is considered that leaching 
behavior could generally be modeled using a system of first order equations as shown in Equation 
(1): 
𝜕𝑦
𝜕𝜏
= −𝑘ఛ𝑦௡ഓ (1) 
In which y is a dynamic quantity, such as concentration or recovery (𝑅௧), 𝑘ఛ  is the kinetic 
constant and 𝑛ఛ is the order of the reaction. The subscript τ represents a time scale that depends on 
the phenomenon to be modeled. To solve Equation (1), an initial condition is required, introducing a 
delay. The general solution for this problem for 𝑛ఛ = 1 (see Mellado et al. [19], for example), is given 
by: 
𝑅ఛ = 𝑅ఛஶ൫1 − 𝑒ି௞ഓ(ఛିఠ)൯ (2) 
Metals 2019, 9, 903 5 of 11 
 
𝑅ఛஶ  is the maximum expected recovery in operational conditions, and ω is the delay of the 
reaction.  
Dixon and Hendrix [30,32] considered that the leaching phenomenon occurs at different scales 
(mainly related to characteristics such as heap height) and time, and that different phenomena 
participate in the leaching process. However, the current study assumes only a single time scale, with 
the understanding that additional time scales could be developed as a result of future experiments. 
Modifying the equation to fit a model to the experimental design, it is possible to explain the recovery 
of manganese from marine nodules according to the equation: 
𝑅(𝑋) = 𝑅ஶ൫1 − 𝑒ି௚(௑)൯ (3) 
For simplicity, 𝑅ஶ = 100% has been taken to be the maximum expected recovery of ore under 
the experimental conditions (laboratory conditions), and g(X) is a polynomial equation, which is 
explained by the independent variables’ time, particle size, sulfuric acid and potentially other 
variables, such as temperature and the Fe2O3/MnO2 ratio. The analytical model presented in Equation 
(3) can be expressed as: 
𝑔(𝑋) = 𝑙𝑛 ฬ
𝑅ஶ
𝑅ஶ − 𝑅(𝑋)
ฬ (4) 
To ensure the fulfillment of an initial condition for the development of the first-order differential 
equation, the exponent must be directly proportional to the difference between time and delay ω, 
which is, 𝑔(𝑋) ∝ (𝑡 − 𝜔). Adjusting a multiple linear regression model for the function presented in 
terms of y, and considering the proportionality of g(y), the recovery of Mn can be modeled by the 
equation: 
𝑔(𝑦(𝑋)) = 𝑘ఛ ∙ 𝑦(𝑋) ∙ (𝑡 − 𝜔) (5) 
in which, 
𝑦(𝑋) = 𝛼 + ෍ 𝛽௜𝑥௜
௡
௜ୀଵ
+ ෍ ෍ 𝛽௜௝𝑥௜௝
௡
௝ୀଵ
  
௡
௜ୀଵ
 (6) 
The substituting Equation (6) into Equation (3) gives: 
𝑅ఛ = 𝑅ఛஶ ቀ1 − 𝑒
ି௞ഓቀ∑ ఉ೔௫೔
೙
೔సభ ା∑ ∑ ఉ೔ೕ௫೔ೕ
೙
ೕసభ  
೙
೔సభ ቁ(ఛିఠ)ቁ (7) 
Considering that H2SO4 concentration μ and stirring speed v are proportional to Mn recovery, 
and that the square of particle size r is inversely linear to Mn recovery [31,33], the following model is 
proposed: 
𝑅ఛ = 𝑅ఛஶ ቆ1 − 𝑒
ିఒ௩ఘఓ௥మାఉቀ ∑ ఉ೔௫೔
೙
೔సభ ା∑ ∑ ఉ೔ೕ௫೔ೕ
೙
ೕసభ  
೙
೔సభ ቁ(ఛିఠ)ቇ (8) 
in which λ and β are mathematical fitting parameters. 
The goodness of fit statistics used to study the fitted model are: The mean absolute deviation 
(MAD, Equation (9)), a statistic that measures the dispersion of forecast error; the mean square error 
(MSE, Equation (10)), measuring of error dispersion, which penalizes the periods where the error is 
larger than the average value; and the absolute average percentage error (MAPE, Equation (11)), a 
statistic that gives the deviation in percentage terms, calculating the averages of the absolute values 
between the real value and fitted (forecast) values [35]. 
MAD =
∑| Real − Forecast|
n
 (9) 
𝑀𝑆𝐸 =
∑(𝑅𝑒𝑎𝑙 − 𝐹𝑜𝑟𝑒𝑐𝑎𝑠𝑡)ଶ
𝑛
 (10) 
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𝑀𝐴𝑃𝐸 =
1
𝑛
෍
|𝑅𝑒𝑎𝑙 − 𝐹𝑜𝑟𝑒𝑐𝑎𝑠𝑡|
|𝑅𝑒𝑎𝑙|
 (11) 
R software environment (Version 3.6.0) [36] was used to develop the experimental design 
transformations presented in Equations (4) and (5), while the version 18 of Minitab software [37] was 
used to adjust a multiple linear regression of the independent variables (excluding time) to the 
mathematical model presented in Equation 6. 
3. Results and Discussion 
3.1. Multilinear Regression of Experimental Data 
The analysis of this experimental data shows that only three factors have a significant effect upon 
the response variable (Figure 1). The factor with the greatest impact is the Fe2O3/MnO2 ratio. 
 
Figure 1. Graph of the main effects for manganese extraction (Figure created with Minitab 18). 
Considering only the static variables (i.e., excluding the time x1), to the following quadratic 
regression considers only 𝑥ସ  and 𝑥଺ , which are the Fe2O3/MnO2 ratio and the temperature, 
respectively. This, response variable y is hence approximated by: 
𝑦 = 0.2310 −  0.1680 𝑥ସ −  0.0094𝑥଺ +  0.0370 𝑥ସଶ +  0.0001 𝑥଺ଶ +  0.0050 𝑥ସ𝑥଺ (12) 
A subsequent Analysis of Variance (ANOVA) analysis indicates that the regression is adequate 
to represent the extraction of Mn under the range of parameters sampled, including an R2 value of 
85.93% (Figure 2); this implies that 85.93% of the total variation is represented by Equation (12). The 
ANOVA analysis further confirms the significance of the model, as the computed F score greatly 
exceeds the 95% level, 539.87 > 1.9512. Equivalently, the p-value (Figure 3) of the model represented 
by the equation also indicates that the model is statistically significant. 
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Figure 2. R2 Statistic (Figure created with Minitab 18). 
 
Figure 3. Statistic p (Figure created with Minitab 18). 
The value of the predictive R2 is 85.35%, indicating that the model has a good capacity for 
predicting responses to new observations. The small difference between the value of R2 and the 
predictive R2 is an indicator that the model is not over fitted. Moreover, the residuals fall relatively 
close to the adjusted normal distribution line, and it is not possible to reject the normality assumption 
with α = 0.05. Equation (12) will be further developed in the following section. Figure 4 describes the 
full quadratic behavior, in which all three critical variables are maintained: Time, MnO2/Fe3O4 and 
temperature. As expected, the manganese recovery increases with the passage of time. Figures 4a,b 
show that Fe2O3/MnO2 and temperature have a qualitatively similar effect over time, although the 
former is more pronounced. Indeed, Figure 4c confirms the scalable equivalence between 
Fe2O3/MnO2 and temperature, showing recovery as an approximately linear function, increasing in 
both temperature and Fe2O3/MnO2. Nonetheless, the full dynamic behavior is not well-represented 
by such a function, as it does not capture the asymptotic tendency of reaction kinetics [30,31]. 
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(c) 
Figure 4. Contour plot of the independent variables Fe2O3/MnO2 ratio, Time (a); Temperature, Time 
(b); and Temperature, Fe2O3/MnO2 ratio (c) in Mn recovery (%) (Figures created with Minitab 18). 
3.2. Fitting of the Exponential Function 
Substituting Equation (12) into Equation (5), the following equation represents the exponent of 
Equation (3): 
𝑔(𝑋) = 𝑘ఛ(0.2310 −  0.1680 𝑥ସ −  0.0094𝑥଺ +  0.0370 𝑥ସଶ +  0.0001 𝑥଺ଶ
+  0.0050 𝑥ସ𝑥଺)(𝑡) 
(13) 
Thus, the recovery is given by: 
𝑅ఛ = 𝑅ఛஶ ቆ1 − 𝑒
ି௞ഓ
௩ఘఓ
௥మାఉ൫0.2310− 0.1680 𝑥4− 0.0094 𝑥6+ 0.0370 𝑥4
2+ 0.0001 𝑥6
2+ 0.0050 𝑥4𝑥6൯(௧ିఠ)ቇ (14) 
In which r, v and μ are taken to be 64 µm, 600 rpm and 0.5 M, respectively. The fitting of 
parameters results in the following expression, which is supported by the goodness of fit statistics of 
Table 3. 
𝑅௧(%)
= 100൫1 − 𝑒ିଵ.ଷଷ଻଺൫଴.ଶଷଵ଴ି ଴.ଵ଺଼଴ ௫రି ଴.଴଴ଽସ ௫లା ଴.଴ଷ଻଴ ௫రమା ଴.଴଴଴ଵ ௫ల
మା ଴.଴଴ହ଴ ௫ర௫ల൯௧൯ (15) 
Table 3. Statistics of analytical model of the leaching of marine nodules. 
Model/Statistic MAD MSE MAPE 
R(t) 6.19 × 10−5 3.57 × 10−7 3.88 × 10−4 
 
On the other hand, Figure 5 shows that the assumption of residue normality is reached, because 
the p-value of the test is greater than the level of significance (p > 0.05), indicating that the 
mathematical model is relatively accurate in representing the experimental design, although some 
points away from the line imply a distribution with outliers. 
 
Figure 5. Probability plot of residuals values (Figure created with Minitab 18). 
Following the example of Saldaña et al. [38], Equation (15) can be incorporated into a simulation 
framework that can quantify benefits, potentially leading to pilot tests and the implementation of 
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nodule processing within copper producing regions [16,17]. Furthermore, there are several mines in 
Chile that have significant reserves of so-called black copper minerals, including Spence Mine, Mina 
Sur, Lomas Bayas Mine and Centinela Mine [39]. These black copper minerals are usually excluded 
from extraction processes, and may be stockpiled for long periods without being treated [40]. These 
minerals exhibit a semi-crystalline or amorphous structure that is similar to that of manganese 
nodules; indeed, the extraction of Cu from these black minerals by conventional hydrometallurgical 
processes is affected by this structure [41], and is therefore comparable to the extraction of Mn from 
marine nodules. The development of novel methods that may be applicable to both black copper 
minerals and manganese nodules is thus especially relevant for the Chilean context. Experiment-
based parameterization of analytical models is a necessary step to developing alternative leaching 
methods for potential feeds that are not currently being treated. 
4. Conclusions 
In the present investigation, the fitting of an analytical model for the extraction of manganese 
from marine nodules results in an exponential function, which considers the most critical static 
variables: MnO2/Fe2O3 ratio and temperature. This work demonstrates the use of laboratory-level 
testing for the extraction of manganese from marine nodules in an acid medium at different 
temperatures, and with the use of iron-containing tailings, as a potential step toward industrialization 
of the process. This source of iron is indeed an effective reducing agent. Future experimental work 
will be carried out to characterize the constants in Equation (15) better through more batch tests, and 
to represent the effects of different time scales [30,32]. From the modelling perspective, future work 
will be to simulate an industrial implementation, and test potential operational responses to feed 
variations and related risks [38]. 
On the other hand, the form of developing an analytical model can be extended to other scales 
of time, and can be modified according to the kinetics that describe or dominate the operation. The 
Dixon and Hendrix′s model [31,33] was used to identify the dimensionless times, but the fit to 
experimental design can be applied to other models proposed within the literature, considering 
operational scales how pile height [18–20,29]. The generation of analytical models to represent 
complex processes such as mineral leaching could be used for analysis, scale-up, and in optimization 
tasks, given that they capture the essence of the process to be modeled, they are rapid and relatively 
precise, and could be used to predict interpolations and extrapolations of Mn recuperation, at least 
with regard to time, particle size, H2SO4 concentration, Fe2O3/MnO2 ratio, stirring speed and 
temperature. 
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